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1. Vector Analysis

1.1 Vector Algebra
Vector quantities have both direction as well as magnitude such as velocity, acceleration,

force and momentum etc. We will use A for any general vector and its magnitude bym.
In diagrams vectors are denoted by arrows: the length of the arrow is proportional to the
magnitude of the vector, and the arrowhead indicates its direction. Minus K(—K) IS a

vector with the same magnitude as A but of opposite direction.

A

1.1.1 Vector Operations

We define four vector operations: addition and three kinds of multiplication.

(i) Addition of two vectors

Place the tail of B at the head of A} the sum, A+ B, is the vector from the tail of A to
the head of B,

Additionis commutative: A+B=B+A

Addition is associative: (ﬂ+§) +C=A+ (§ + 5)

To subtract a vector, add its opposite: A—B = K+(—B)

|
|
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(i1) Multiplication by scalar

Multiplication of a vector by a positive scalar a, multiplies the magnitude but leaves the
direction unchanged. (If a is negative, the direction is reversed.) Scalar multiplication is
distributive:

a(A+B)-aA+ab

2A
A
(i1i) Dot product of two vectors
The dot product of two vectors is define by -
—— A
AB = ABcos6 0
B

where @ is the angle they form when placed tail to tail. Note that A.B is itself a scalar.
The dot product is commutative,

w!
>

AB=B.
and distributive, K.(E + E) =AB+AC

Geometrically A.B is the product of A times the projection of Balong A (or the product
of B times the projection of A along B ).

If the two vectors are parallel, AB = AB

If two vectors are perpendicular, then AB =0

Law of cosines

Let C = A—B and then calculate dot product of C with itself.

CC-(A-B)(A-B)-AA-AB-BA+BB

C?>=A*>+B?-2ABcosé
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(iv) Cross product of two vectors ~ g--mmmmmmmeeee- g
The cross product of two vectors is define by — ‘

AxB = ABsin6i 0 /

where n is a unit vector(vector of length 1) pointing perpendicular to the plane of A

and B .Of course there are two directions perpendicular to any plane “in” and “out.”
The ambiguity is resolved by the right-hand rule:

let your fingers point in the direction of first vector and curl around (via the smaller angle)
toward the second; then your thumb indicates the direction of A . (In‘figure Ax B points
into the page; Bx A points out of the page)

The cross product is distributive, Kx(ExE) - (Kx §)+(K>< 5)
but not commutative. In fact, (§x/i) - —(Kx 5).

Geometrically, ‘Kx E‘ is the area of the parallelogram generated by A and B. If two

vectors are parallel, their cross product is zero.

In particular Ax A=0 for any vector A
1.1.2 Vector Algebra: Component Form

Let X, yand Z be unit vectors parallel to the x, y and z axis, respectively. An arbitrary

vector A can be expanded in terms of these basis vectors

A=AX+AJ+A7

N>
>

\ 4

x>

- > A ——
! ’ / y
X A ~

X vy

The numbers A, A, , and A, are called component of Al geometrically, they are the

projections of A along the three coordinate axes.

H.No. 40-D, Ground Floor, Jia Sarai, Near IIT, Hauz Khas, New Delhi-110016

Phone: 011-26865455/+91-9871145498
Website: www.physicsbyfiziks.com | Email: fiziks.physics@gmail.com



http://www.physicsbyfiziks.com
mailto:fiziks.physics@gmail.com

fiziks

Institute for NET/JRF, GATE, IIT-JAM, M.Sc. Entrance, JEST, TIFR and GRE in Physics

(i) Rule: To add vectors, add like components.
A+B=(AX+AJ+AZ)+(BX+B,J+B,7)=(A+B,)%+(A +B,)j+(A+B,)I
(i1) Rule: To multiply by a scalar, multiply each component.
A=(an)%+(aA )§+(ah, )i
Because X, yand Z are mutually perpendicular unit vectors

=99 =22=1; R§=R2=§.2=0

x>

%,
Accordingly, AB=(AX+AJ+A2).(BX+B,J+B,Z)=AB+AB, +AB,

(i11) Rule: To calculate the dot product, multiply like components, and add.

In particular, AA=A’+A+A = A= A + A+ A

Similarly, XxX=yxy=7x7=0,

(iv) Rule: To calculate the eross product, form the determinant whose first row is X, ¥, Z,

whose second row is K(in component form), and whose third row is B .

£ 9 i
AxB=|A A A|=(AB,-AB, )x+(AB -AB,)j+(AB,~AB,)2
B, B, B,

Example: Find the angle between the face diagonals of a cube. Z4

Solution: The face diagonals A and B are (0,01)

A=1%+0y+17; B=0%+1§+17

So, > AB -1 A5 a0

Also, :>K.§=ABcosezﬁ\/EcosH:cow:%:H=60° X 1.00)
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Example: Find the angle between the body diagonals of a cube. ZA

Solution: The body diagonals A and B are (0,0,1)

A=X+y-2; B=X+y+12

% ;
ool
(=)
E
yo

So, > AB=1+1-1=1

— y
<5 1 (1 A
Also, = AB = ABcosO =+/3v3¢c0s0 = cosf === 6 =cos™ (—j X
3 3) "*(1,0,0)

Example: Find the components of the unit vectorn perpendicular Z,
to the plane shown in the figure. o A
Solution: The vectors A and B can be defined as B

o B
K:—>A<+2§/; §:—>A<+32:>ﬁ:éXE :6)(+3y+2Z 2 >

|AxB 7 1 y

>

1.1.3 Triple Products
Since the cross product of two vectors is itself a vector, it can be dotted or crossed with a
third vector to form a triple product.

(i) Scalar triple product: K.(E x E)

Geometrically‘ﬂ.(ﬁxﬁ)‘ is the volume of the parallelepiped

generated by A, Bjand C, since‘§x5‘ is the area of the base,

and ‘Kcos@‘ is the altitude. Evidently,

A(BxC)-B(CxA)-C(AxB)

ACA A
In component form K.(ﬁxﬁ)z B, B, B,
c, C, C,

Note that the dot and cross can be interchanged: K.(Ex C ) = (Kx §).C
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(ii) Vector triple product: Ax (E x E)

The vector triple product can be simplified by the so-called BAC-CAB rule:
Ax(BxC)=B(AC)-C(AB)
1.1.4 Position, Separation and Displacement Vectors

ZA

o Source point

/field point

The location of a point in three dimensions can be described by listing its Cartesian

coordinates(x, Y, z). The vector to that point from the origin is called the position vector:
r=xk+yy+z7.
Its magnitude, , r = /x> + y*+ z* is the distance from the origin,

XX+yy+z7 . . - :
_XEyyrzz IS a unit vector pointing radially outward.

X2+ yi+7?

Note: In electrodynamics one frequently encounters problems involving two points-

and 7 =

= |=!

typically, a source point , r', where an electric charge is located, and a field point, r,at

which we are calculating the electric or magnetic field. We can define separation vector

from the source point to the field point byﬁ ;

!

R=r-r.
Its magnitude is R:‘F—F ,
. . o —~ -~ R r-r
and a unit vector in the direction from r' to r is R:E:r —.
r—r'

In Cartesian coordinates, R=(x—X")X+(y-y')y+(z-2'):
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‘ﬁ‘ :\/(x—x’)2 +(y-y) +(z-2)
)

J(

Infinitesimal Displacement Vector (dT)

The infinitesimal displacement vector, from (x,y,z) to(x+dx,y +dy,z+dz), is
dl =dxg+dy§+dz?
Area Element(da)

For closed surface area element is perpendicular to the surface pointing outwards as

shown in figure below.

ZZA T(V) i)

)" | @ T
| 2 y
2 Wiy
X
(i) For x=2 plane, da = dydz& (ii) For x=0 plane, da=—dydz&
(iii) For y =2 plane, da=dxdzy (iv) For y =0 plane, da=—dxdz§
(v) For z=2 plane, da=dxdy?2 (vi) For z=0 plane, da=—dxdy?

For open surface area element is shown in figure below (use right hand rule)

A

Y airg L

Volume Element(dz)

Volume element dz = dxdydz
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1.2 Curvilinear Coordinates

1.2.1 Spherical Polar Coordinates

In spherical polar coordinate any general point P lies on the surface of a sphere. The
spherical polar coordinates (r,9,¢)of a point P are defined in figure shown below; ris
the distance from the origin (the magnitude of the position vector), 6 (the angle drawn

from the z axis) is called the polar angle, and ¢ (the angle around from the x axis) is the

azimuthal angle.
Z)

i’
I
7
7
=5
>

1
’
’
’
’
’
\

\

=

r cos@ >

<V

= v sy
—

1

s

/
N

Their relation to Cartesian coordinates (x, Y, z) can be read from the figure:

X=rsinfcos¢g; y=rsin@dsing, z=rcoso
and r=yx®+y’+17%, 0=cosl(5} ¢=tan1(XJ
r X

The range of r is0 — oo, 6 goes fromQ — 7, and ¢ goes from0 — 27 .

Figure shows three unit vectors f,é,q;, pointing in the direction of increase of the
corresponding coordinates. They constitute an orthogonal (mutually perpendicular) basis
set (just like %, §,7), and any vector A can be expressed in terms of them in the usual
way:

A=AF+A0+AP

A, Ay, and A, arethe radial, polar and azimuthal components of A.
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Infinitesimal Displacement Vector (dT)

An infinitesimal displacement in the r direction is simply dr (figure a), just as an
infinitesimal element of length in the x direction isdx:
dl, =dr

On the other hand, an infinitesimal element of length in the 6 direction (figure b) is rdo

dl, =rdé
Similarly, an infinitesimal element of length in the (5 direction (figure c) is rsin98d¢

dly, =rsin@d¢
Thus, the general infinitesimal displacement dl is
di =drf $rd6d + rsin8dgg

This plays the role (in line integrals, for.example) that di = dxX+dy §+dzZ played in

Cartesian coordinates.
rsinfdg
dr
r rdo 0 r
! d0 s
(a) (b)

d
rsing
(©)

Area Element(d 5)

If we are integrating over the surface of a sphere, for instance, 74

then r is constant, whereas 6 and ¢ change, so
da; = dl,dl,f=r?sinododgf day

on the other hand, if the surface lies in the xy plane, then 6 is

<v

constant (60 = z/2) while rand ¢ vary, then

da, = dl,dl,6 = r? drdgé
daz
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Volume Element(dz)

The infinitesimal volume elementdz , in spherical coordinates, is the product of the three

infinitesimal displacements:

dz =dl,dl,dl, = r?sin 6dr do dg¢

Transformation of Vector to Spherical Polar

We can transform any vector A= A X+ Ay§/+ A Z in Cartesian coordinates to Spherical

polar coordinate as A= AF+ A0+ Ag.

Thus

where x=rsinfcos¢, y=rsin@sing, z=rcoso
and use table given below: X -
r 0 o
X. |sinfcos¢ | cos@.cosg | —sing
. | sin@sing | cosOsing | cos¢
Z| cos6 | —sind 0
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1.2.2 Cylindrical Polar Coordinates
The cylindrical coordinates r,¢,z of a point P are defined in figure. Notice that ¢ has

the same meaning as in spherical coordinates, and z Zy

is the same as Cartesian; r is the distance to P from AR .

the z axis, whereas the spherical coordinate r is the 7 E : 43

distance from the origin. The relation to Cartesian F

coordinates is 7 !
ey  NEEERL

X=rcos¢, y=rsing , z=z
The range of r is0 — o, ¢ goes from0 — 27, and z from —oo t0
The infinitesimal displacements are

dl, =dr, dl, =rdg, dl, =dz,

S0 di =drf+rdgd+dz2
and volume element is dz =rdrd¢dz.
We can transform any vector A= A X+ A ¥+ A Z in Cartesian coordinates to cylindrical
coordinates as A= A + A¢q3 +A7Z
Thus,
)+ Ay()“/.f)+ A, (2.F)

A, =Ap=A%d)+ A (5.4)+ Aled)
AZ

A, =AZ=A(R2)+A (9.2)+A,(22)

x>

A =Af=A (

use table given below: ~

¢ ¢ :
X. COS¢ —sing 0
y. sing cos¢ 0
2 0 0 1
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1.3 Differential Calculus

1.3.1 “Ordinary” Derivatives

Suppose we have a function of one variable: f(x) then the derivative, df /dx tells us how
rapidly the function f(x) varies when we change the argument x by a tiny amount, dx:

df = [ﬂjdx
dx

In words: If we change x by an amount dx, then f changes by an amount df; the derivative
is the proportionality factor. For example in figure (a), the function varies slowly with x,
and the derivative is correspondingly small. In figure (b), f increases rapidly with x, and
the derivative is large, as we move away. from x = 0:

Geometrical Interpretation: The derivative df / dx is the slope of the graph of f versus x.

fA fA

/\/\

>y
<V

@) (b)

1.3.2 Gradient
Suppose that we have a function of three variables-say, V (X, y, z) in a

dv = (ﬂj dx + (G_Vj dy + [G_Vj dz.
OX oy 0z

This tells us how V changes when we alter all three variables by the infinitesimal
amounts dx, dy, dz. Notice that we do not require an infinite number of derivatives-three
will suffice: the partial derivatives along each of the three coordinate directions.

Thus dV:(a—v>2+a—v§/+a—vij-(dxf<+dy§/+dz2)=(§V)-(di)
OX 0z

where ?v\/:ﬂmﬂwﬂz is the gradient of V/ .
OX oy 0z

W s a vector quantity, with three components.
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Geometrical Interpretation of the Gradient
Like any vector, the gradient has magnitude and direction. To determine its geometrical

meaning, let’s rewrite
dv =W -di = ‘WHdi‘cos@
where 6 is the angle between W and di . Now, if we fix the magnitude ‘di‘ and search

around in various directions (that is, vary @), the maximum change in V evidently occurs

when 6 =0 (for thencoséd =1). That is, for a fixed distance‘di‘, dT is greatest when one

move in the same direction as§v . Thus:

The gradient§v points in the direction of maximum increase of the function V.

Moreover:

The magnitude ‘W‘ gives the slope (rate of increase) along this maximal direction.

Gradient in Spherical polar coordinates V.(r,0,¢)

6VA 1oV , 1 oV,
r+ 0+

W = v - 2
o roo rsin@ o¢

Gradient in cylindrical coordinatesV (r,¢,)

dv oM LV g o
or r og az

z

Example: Find the gradient of a scalar function of position V whereV(x, Y, z) =Xx’y+e’.

Calculate the magnitude of gradient at point P (1, 5,-2).

Solution: V(x,y,z)=x?y +e
W = aVA ﬂy+ﬂz—2xyx+x y+e'Z
ax oy 0z

At P(1,5,-2) = W =108+ § +0.13532 = [W| = y107 +17 + 0.1353" ~10.056
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Example: Find the unit vector normal to the curve y = x° at the point (2, 4, 1).
Solution: The equation of curve in the form of surface is given by

x> —y=0
A constant scalar function V on the surface is given by V (x, y, z) = x* -y
Taking the gradient

W= v(x% —v)= 2 (2 — IR+ (2 = V)7 42 (x2 = v = 25k —
VV_V(X2 y) 6X<X2 y)xjtay(x2 y)yjtaz(x2 y)z 2XX — Y

The value of the gradient at point (2, 4, 1), W =45 - y

The unit vector, as required

S>>
><> ><>
‘<> k<>
Il
—_
N
x>
|
<>
p—

Example: Find the unit vector normal to the surface xy*z* =4 at a point (-1, -1, 2).
Solution:

§(xy322)=%(xyszz)fwg(xysz )y+%(xy z ) (y z )x+(3xy222)§/+(2xy32)2

Atapoint (-1,-1,2), V(xy%z?)=-4%-129+42
Unit vector normal to the surface
—4X-12y+412 1

- V-4 (127 )4 42 =—m(2+39—2)

Example: In electrostatic field problems, the electric field is given byE - —W , where

V is the scalar field potential. If V =r?¢ — 26 in spherical coordinates, then find E.
Solution: V =r?¢ 20

In spherical coordinate, W N NG, 1 avq?

or r oo rsin@ o¢

—_— ~ 2 ~
Substituting the suitable values, W = 2rg¢r —20 T )

r rsin @

SE=-W=-2rgf+24-"§
r siné
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1.3.3The Operator§

The gradient has the formal appearance of a vector, v, “multiplying” a scalar V:

W = >A<i+§/i+22 V
OX oy oz

The term in parentheses is called “del”:
V=%

We should say that V is a vector operator that acts upon V, not a vector that multiplies V.
There are three ways the operator V can act:

1. on a scalar function V: W (the gradient);

2. on a vector function A, via the dot product: VA (the divergence);

3. on a vector function A, via the cross product: V% Z(the curl).

1.3.4 The Divergence
From the definition of V we construct the divergence:
e N A - . .\ OA OA A
V-A= X£+yi+zi -(Axx+Ayy+AZz): X+ y+8 z
0z ox oy oz

Observe that the divergence of .a vector function A is itself a scalarV - A. (You can't

have the divergence of a scalar: that’s meaningless.)
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Geometrical Interpretation

V- A is a measure of how much the vector A spreads out (diverges) from the point in
question. For example, the vector function in figure (a) has a large (positive) divergence
(if the arrows pointed in, it would be a large negative divergence), the function in

figure (b) has zero divergence, and the function in figure (c) again has a positive

divergence. (Please understand that A here is a function-there’s a different vector
associated with every point in space.)

L T

<—<—I—>—>

SN T NPT 1] ]
l } I I } I [ S N R A
(a) (b) ©)

Divergence in Spherical polar coordinates
== 10/, . 1 OA
V'Azﬁg(r A)Jrrsiné?%(smeAg)JrrsinH@_;

Divergence in cylindrical coordinates

OA
1% oA
r op oz

—_—

Example: Suppose the function sketched in above figure are A = x% + yW+122, B=12

and C = z7. Calculate their divergences.

Solution: 6-,_61=a—i(x)+%(y)+%(z)=l+l+l=3
-z O 0 0
V.-B=—I(0)+—(0)+—(1)=0+0+0=0

20+ 20+ L)=0+0+
%’-E=%(o)+%(o)+£(z)=0+0+1=1
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Example: Given
(i) A=2xy%+2§ +yz°2, find V- A at (2,-1,3)
(i) A = 2r cos® ¢f +3r?sin z¢ + 4zsin? ¢ , find V- A
(iii) A =10F +5sin 69, Find V- A
oA OA, OA

Solution: (i) In Cartesian coordinates V- A= —* 4+ +
oXx oy oz

A, =2xy,A =17,A, =yz2=>V-A=2y+0+2yz, At (2,-,3), V-A=-2-6=-8

- — O0A
(i) In cylindrical coordinatesV - A = E—(rAr)+1—¢+%
ror r op oz

A, =2rcos’ ¢, Ap=3r’sinz, A, =4zsin® ¢

:>§-K=l4rcosz¢+0+4sin2¢=4(cosz¢+5in2¢)=4
r
. ey ). an 1 oA,
iii) In spherical coordinates, V-A=——I(r +—————(SIN6A, )+ ——
(i) Insp 4 ar( A) rsmeae( 0) rsin@ o¢

A =10,A, =5sin 0, A, =0

V. A=t 20rs

10sin .c0s6 = (2+cos@)10/r)
r rsin 0
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1.3.5 The Curl

From the definition of V we construct the curl

A

X y 7
VxA=|0/ox oldy aléz
A A A

[(0A, OA,) (0A 0A,\ [OA, OA
=X —— |4y - +12 —
oy oz oz  0OX OX . oy
Notice that the curl of a vector function A is, like any cross product, a vector. (You

cannot have the curl of a scalar; that’s. meaningless.)
Geometrical Interpretation

Vx A is a measure of how much the vector A “curls around” the point in question.

Figure shown below have a substantial curl, pointing in the z-direction, as the natural

right-hand rule would suggest. Za
z < \ <
= < - «— <«
— 'l\ — — 4 — — — — ‘
-— — >
-~ « > >
T >

X" (a) x/ (b) '

Foro rsiné?q;
Curl in Spherical polar coordinates Vx A= 21_ o o 9
resing|or o6 op
A rA, rsinfA,
r rq§ Z
Curl in cylindrical coordinates §xﬂzl o 0 9
rior o¢ oz
A A A
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Example: Suppose the function sketched in above figure are A= —yX + Xy and B = Xy .

Calculate their curls.

A ~ ~ A

X y Z X y Z
Solution: VxA=|0/dx aldy l6zj=27 and VxB=|0/ox oldy o0ldz|=2
-y X 0 0 X 0

As expected, these curls point in the +z direction. (Incidentally, they both have zero
divergence, as you might guess from the pictures: nothing is “spreading out”.... it just

“curls around.”)

Example: Given a vector function A = (x+¢,2)% + (¢, X —32)y + (X +€5y+C,2)3.
(a) Calculate the value of constants c,,cC,,Cj. if A is irrotational.

(b) Determine the constant c, if A s also solenoidal.

(c) Determine the scalar potential function V, whose negative gradient equalsﬂ.

D N

Solution: If K is irrotational‘then, §XK: =0

9<)|Q) >

o
37) (x+cyy+c,z

%’|Q)\<>

(x+c¢,2) (c,x

= VxA=(c, +3)%—(1=c,)y+(c, -0)i=0 =¢c, =1c, =0,c, =-3

—& V=N A OA
(b) If A issolenoidal, V-A=0= A, +— +8AZ =1+0+c,=0=¢c,=-1
oXx oy oz
(C)K=_W=_ﬂg_ﬂy_ﬂg
OX oy 0z

. 2

A=(x+2)%+(-32)§+(x=3y-2)2 :2—\;=—x—z:>V=-X7—xz+ f.(y,2),

2
%=3z =V =3yz+ f,(x,2), aa—vz—x+3y+z =V =-xz+3yz +Z7+ f,(x,y)
z

Examination of above expressions of V gives a general value of

2 2
\ :—X——xz+3yz L
2 2
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Example: Find the curl of the vector A=(e™ /1)@

Solution: A=(e"/rf=A =0,A, =(e"/r)A =0

Foro rsin@gg
VxA=_+ |0 2 0 |__& g
resing|or 06 op r

A rA, rsinfA,
Example: Find the nature of the following fields by determining divergence and curl.

(i) F1=230% + 2xyy +5x2°7

= 150, ~ o :

(i) F2 =| —- |r +10¢ (Cylindrical coordinates)
r

Solution:

— - — oF
(i) F1 =30X+2xyy +5xz°Z =V -F1 = gh +— +8Flz =2x(1+52)
x oy @

Divergence exists, so the field is non-solenoidal.

X Y 4
VxFi= o o 90 =-5z%y +2yZ .The field has a curl so it is rotational.
OX oy ot
30 2xy 5xz°
I 150 ). A - .
(i) F2 =] — [r +10¢ in cylindrical coordinates.
r

o ; . - oF, oF, -
In cylindrical coordinates, Divergence V - F , :Ei(rl:z',)-i-l 0, o _ 1350
ror r o¢ 0z r

The field is non-solenoid.

—|==—7. F has non-zero curl so it is rotational.

r z
1l 0 0 0| 10, =
r{ or op oz| r

H.No. 40-D, Ground Floor, Jia Sarai, Near IIT, Hauz Khas, New Delhi-110016

Phone: 011-26865455/+91-9871145498
Website: www.physicsbyfiziks.com | Email: fiziks.physics@gmail.com

20



http://www.physicsbyfiziks.com
mailto:fiziks.physics@gmail.com

fiziks

Institute for NET/JRF, GATE, IIT-JAM, M.Sc. Entrance, JEST, TIFR and GRE in Physics

1.3.6 Product Rules
The calculation of ordinary derivatives is facilitated by a number of general rules, such as

the sum rule: i(f+g)=£+d—g,
dx dx dx
. d df
the rule for multiplying by a constant: —(kf )=k —,
dx dx
d dg  df
the product rule: —(fg)=f—=+9g—,
product i dx( g) dx J dx
f
d(f 93‘ f (;g
and the quotient rule: —(—j =X X
dx\ g g

Similar relations hold for the vector derivatives. Thus,
V(f+g)=Vf +Vg, 6-(K+§)=(§-K)+(§-l§)
5 (7.4 5)= (7 4B (7<)
and
V)=, Vilka)-klV- &) VxlkA)-k(Vxa)
as you can check for yourself. The product rules are not quite so simple. There are two

ways to construct a scalar as the product of two functions:
f g (product of two scalar functions),

A-B (Dot product of two vectors),

and two ways to make a vector:

f A (Scalar time’s vector),

AxB (Cross product of two vectors),
Accordingly, there are six product rules,
Two for gradients

(i) V(fg)= fvVg+gVf,

—

(i) §(K§)=Kx(§x§)+Bx(§xK)+(K6 +(l§§ ,
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Two for divergences

(i) V-(fA)= (V. &)+ A (V1)

(iv) V-(AxB)=B-(VxA)-A-(VxB)

And two for curls

W) Vx(fA)= t(VxA)-Ax(Vi)

vi) Vx(AxB)=(B.- VA -(A-VE+ AWV -B)-BF-A)

It is also possible to formulate three quotient rules:

§(fJ:g§f—f§g’ 6{5}_9(6;);(69) %.{gjzg(ex:\)ax(%g)

g 9’ g 9’ ’ g g’ '

1.3.7 Second Derivatives

The gradient, the divergence, and the curl are the only first derivatives we can make with
Vv by applying V twice we can construct five species of second derivatives. The
gradient W is a vector, so we can take the divergence and curl of it:
(1) Divergence of gradient: v (§V)

%(W): ()A(%+ 9%+ 2%}-(8@—\;£+%9+8@—\;2J = 2)2(\2/ + g;\zl + 882\2/ :

This object, which we write V2V for short, is called the Laplacian of V. Notice that the

Laplacian of a scalar V is a scalar.

Laplacian in Spherical polar coordinates

széi(rza—\/}+ 21_ i(siné’a—vj+—2 _12 62\2
reor or resing oo 00 ) r°sin“@\{ o¢

Laplacian in cylindrical coordinates
1 8( avj 10V oV
B Rl Ry iy
ror\_ or) r°o¢g- oz

va/

Occasionally, we shall speak of the Laplacian of a vector, VZA. By this we mean a

vector quantity whose x-component is the Laplacian of Ay, and so on:
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VZA=(VZA JR+(V2A, )y +(V2A, )
This is nothing more than a convenient extension of the meaning of V2.
(2) Curl of gradient: V x (W)
The divergence V- A is a scalar-all we can do is taking its gradient.
The curl of a gradient is always zero: V x (W)z 0.
(3) Gradient of divergence: 5(5 . K)
The curl V x A is a vector, so we can take its divergence and curl.
Notice that 5(5 . K) is not the same as the Laplacian of a vector:

V'A=(7.V RN A)

(4) Divergence of curl: V- (5 X ,_61)
The divergence of a curl, like the curl of a gradient, is always zero:
V- (6 X -A)z 0.
(5) Curlof curl: V x (ﬁﬁ)
As you can check from the definition of V:
Vx(VxA)= V(v A)-v2A.
So curl-of-curl gives nothing new; the first term is just number (3) and the second is the
Laplacian (of a vector).
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1.4 Integral Calculus
1.4.1 Line, Surface, and Volume Integrals
(a) Line Integrals

A line integral is an expression of the form Zi
b-. >
J. A' dl I

a

where A is a vector function, dl is the

infinitesimal displacement vector and the a

integral is to be carried out along a
prescribed path P from point a to point b.

<V

If the path in question forms a closed loop
(that is, if b = a), put a circle on the integral sign:

fA-di.
At each point on the path we take the dot product of A (evaluated at that point) with the
displacement dl to the next point on the path. The most familiar example of a line
integral.is the work done by a force F :

W = [F.di
Ordinarily, the value of a line integral depends critically on the particular path taken from
a to b, but there is an important. special class of vector functions for which the line

integral is independent of the path, and is determined entirely by the end points(A force

that has this property is called conservative.)
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Example: Calculate the line integral of the function A= YR+ 2x(y +1)§/ from the point
a = (1, 1, 0) to the point b = (2, 2, 0), along the paths (1) and (2) as shown in figure.

What is ﬁ. di for the loop that goes from a to b along (1) and returns to a along (2)?

Ya

2 b

L (2,)/,’/ (“)

ROl ¥
1 2 X

Solution: Since dizdx>?+dy§/+d22. Path (1) cconsists of two parts. Along the

“horizontal” segment dy =dz =0, so
() di=dxx, y=1, A-di=y?dx=dx so [A.di=[ dw=1
On the “vertical” stretch dx=dz =0, so
(ii) di =dyj, x=2, A-di=2x(y+1)dy =4(y+1)dy, so [A-di =4[ (y+1dy=10.
By path (1), then,
[[A-di=1+10=11

Meanwhile, on path (2) x =y, dx=dy, and dz =0, so

dl=dxR + dxj, A-di=x2dx+2x(x+1)dx = (3x* + 2x dx
S0

J.:K-di = L2(3x2 " 2x)dx = (x3 + xzx =10
For the loop that goes out (1) and back (2), then,

§Z-di=11—10=1
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Example: Find the line integral of the vector A = (x2 —~ y2)§<+2xy§/ around a square of

side *b” which has a corner at the origin, one side on the x axis and the other side on the y

axis. z

(0,b)
yo ) / R Y
by

Solution: In a Cartesian coordinate systemdi = dxX + dyy + dzZ, A= (x2 ~y? ))? + 2Xyy

i§ A-dl = Ef[(xz —yz)dx+2xydy]

OPQRO OPQRO

—_— > b 3
Along OP, y=0,dy=0= .[A-dlz szdx=%
OoP x=0

b
Along PQ,x<b) dx=0= jA-dl L jzbydy=b3
PQ

y=0

~ . 8 X2 ’ 2
AlongQR, y=b, dy=0= jA-dIz j(xz—bz)dx=(——b2xj ==p?
QR x=b 3 x=b 3
Along RO, x=0, dx=0 = jﬂ-dizo
RO
A 1 s I n I s 1 s 1 b3 2 2 3 3
§A-d|= jA-d|+jA.d|+jA-d|+ .[A-dl = +b2+5p2+0=2b
oP PQ QR RO 3 3
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Example: Compute the line integral F =6%+ yz?§+ 3y +2)Z 2 Z

along the triangular path shown in figure.

>y
Solution: Line Integral fE.di=LE.di+LE.di+LE.di 4
OnpathCy; x=0, y=0, dl = dzz
T Al O[ 2 ] 4 . 4
F-dl= |[6X+yz°y+(3y+2z)i|idz = | zdz=—+| =——=-2
({ Jlote yz?g+ ey +2) I 2" 2

1
OnpathC,, x=0, z=0, dI=dy9:>IF-dI= jyzzdy:O
C, y=0

On path C; the slope of line is-2 and interceptonzaxisis2—= z=-2y+2 = 2(1— y)
and the connecting points are (0, 1, 0) and (0, 0, 2)

OnCs, x=0,dx =0  di = dyy +dz?

0

jl_f dl = j(yzz)dy +(@y+z)dz= [ y[20-y)Fdy+ jis[%) + z}dz

Cs C, y=1
0 2 2|0 410 310 212
=j(4y+4y3—8y2)dy+I 3—E dz=4y— +4L 8y +3zz—lz—
1 2o 2 2 4 3| ° 22|
8 14

=2-1+-4+6-1=—
3 3

§Fdi = [Fdi+ [Fai+[Fai :_2+0+%:§
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Example: Given K=2rcos¢f+ r(;; in cylindrical coordinates. Find j§z\-di+§z\-di
Cl CZ

Y

AR
=/

Solution: In cylindrical coordinate system di =drf + rdq)q; +dz7, A=2r COSPrT + r(;;

where ¢, and c, are contours shown in figure.

A-di =2rcos¢dr + r2dg

In figure on curve ¢, ¢ varies fram0to 27,r =b and dr =0

§7A-di = Zfrqu) = 27b°

Cy ¢=0
r=b

-2
On curve ¢y, r=a,¢ variesfrom0to-2s , and dr =0= fA-dI = .[I’ngb = 2m’

c, $=0
r=a

So, | fA-di+{A-di=2r(o?-a)

(b) Surface Integrals 7

A surface integral is an expression of the form da

LZ\-da

where A is again some vector function, and da is /
an infinitesimal patch of area, with direction x

perpendicular to the surface(as shown in figure). There are, of course, two directions

<y

perpendicular to any surface, so the sign of a surface integral is intrinsically ambiguous.
If the surface is closed then “outward” is positive, but for open surfaces it’s arbitrary.
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If A describes the flow of a fluid (mass per unit area per unit time), then .[Z\-da

represents the total mass per unit time passing through the surface-hence the alternative
name, “flux.”

Ordinarily, the value of a surface integral depends on the particular surface chosen, but
there is a special class of vector functions for which it is independent of the surface, and

is determined entirely by the boundary line.

Example: Calculate the surface integral of A =2xz%+(x+2)§ + y(z2 —3)2 over five

sides (excluding the bottom) of the cubical box (side 2) as'shown in figure. Let “upward
and outward” be the positive direction,.as indicated by the arrows.

. . A z v "
Solution: Taking the sides one at a time; o T( ) (i)
(R0 7 I D .
2 y
2

— — — X—. —

(i) x=2, da<dydz%, A-da = 2xzdydz = 4zdydz, 50, A-da =4[ dy| zdz =16.

(i) =0, da =—dydzR, A-da=-2xzdydz =0ss0 [ A-da=0.

(iii) y=2, da=dxdz§, A:da=(x+2)dxdz, so [A-da=[ (x+2)dx[ dz =12.

(iv) y=0, da=—dxdz§, A-da=-(x+2)dxdz, so jﬂ-dg\:—Ij(x+2)dxjozdz=—12.
- =~ - - 2 2

(v) z=2, da=dxdy, A-da=y(z?-3)dxdy = ydxdy, soJ'A-da:.[0 dx.[0 ydy = 4

Evidently the total flux is

A-da=16+0+12—12+4 =20

surface
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Example: Given a vector A = (x2 —~ y2)§< +2XyY + (x2 —~ xy)i . Evaluate fﬂ-da over the

surface of the cube with the centre at the origin and length of side ‘a’.

Solution: The surface integral is performed on Z
all faces. The differential surface on the different .
faces are + dydzX,+dxdzy, and + dxdy?Z ! f
a :
Face abcd, x = > a d
. h A0 Y
J. A-da= ”(xz - y2)>A<+2xy§/+(x2 —xy)i]-[dydzi]
abcd S /,’
+a/2 al2 4 .
b
— 2 2 d d :a_ [
I I (X' =y )y 6 x/
y=-al2 z=-al2
a . N . al2 al2 a4
_ —_—— . fr o | — 9, o —_— 2 —_— 2 S ——
Face efgh, x = - = I A-da= IA( dydz8) = f j (x—y*)dy dz= -

efgh efgh y=-al2 z=-al2

_ { al2 al2
Face cdfe, y=%:> jA-da:jA-dde)?: j I2xydxdz=0
cdfe -

x=—al2 z=-al2

al/2 al2
Face aghb, y=—E = j A-da= j IA —dxdzy)=
2 aghb X=—al2 z=-al?2

Similarly for the other two faces adfg and bceh we can find the surface integral with

da = +dxdyz , respectively. The addition of these two surface integrals will be zero.
In the present case sum of all the surface integral

§Ku5=o
S
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Example: Use the cylindrical coordinate system to find the area of a curved surface on
the right circular cylinder having radius = 3 m and height = 6 m and30° < ¢ <120°.
Solution: From figure, surface area is required for a X

cylinder when r =3m, z=0to 6m,

30° < ¢ <120° or %S(pg%ﬂ

In cylindrical coordinate system, the elemental surface

area as scalar is da =rd¢dzr

Taking the magnitude only
2713
2r w

A=[da= | irdqﬁdz =3[?—€)6=9an
S 0

¢=n16 7=

Example: Use spherical coordinate system to find the area of the strip a <6 < 8 on the

spherical shell of radius ‘a’. Calculate the area when o« =0 and g = .

Z\

g—?

<V

X

Solution: Sphere has radius ‘a’ and 6 varies between a and S

For fixed radius the elemental surface is da=(rsin@dg)rdé)=r2sinodode
B 2z B

Area A= j jrz sin0dod¢ =2ra’ Isin 0do =2z a?(cosa —cos )
0=a $=0 0=a

Fora =0, =7, Area=2ra%(1+1)=4ra?, is surface area of the sphere.
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(c) Volume Integrals

A volume integral is an expression of the form

LTda

where T is a scalar function and dz is an infinitesimal volume element. In Cartesian
coordinates,

dz =dxdydz.
For example, if T is the density of a substance (which might vary from point to point)
then the volume integral would give the total mass. Occasionally we shall encounter

volume integrals of vector functions:
[Adz=[(Ax+AJ+A2)kr=R[Adc+§[Adc+2[Ads;

because the unit vectors are constants, they come outside the integral:

1.4.2 The Fundamental Theorem of Calculus
Suppose f (x) is a function of one variable. The fundamental theorem of calculus states:

[ %= 1) (@) or [BO0x= 1)~ 1(2)

a(
where df /dx = F(x).

Geometrical Interpretation

According to equation df = (df /dx) dx is the infinitesimal f (b)

f(a)t---

change in f when one goes from (x) to (x + dx). The

fundamental theorem says that if you chop the interval

from a to b into many tiny pieces, dx, and add up the
increments df from each little piece, the result is equal to
the total change in f is f (b) —f (a). a b X
In other words, there are two ways to determine the total change in the function: either
subtract the values at the ends or go step-by-step, adding up all the tiny increments as you

go. You’ll get the same answer either way.

H.No. 40-D, Ground Floor, Jia Sarai, Near IIT, Hauz Khas, New Delhi-110016

Phone: 011-26865455/+91-9871145498
Website: www.physicsbyfiziks.com | Email: fiziks.physics@gmail.com

32


http://www.physicsbyfiziks.com
mailto:fiziks.physics@gmail.com

fiziks

Institute for NET/JRF, GATE, IIT-JAM, M.Sc. Entrance, JEST, TIFR and GRE in Physics

1.4.3 The Fundamental Theorem for Gradients Z)
Suppose we have a scalar function of three

variables V(x, y, z). Starting at point a, we moves a

small distance dl.. Then dl;

av = (W )-dis.
Now we move a little further, by an additional
small displacementdiz ; the incremental change in

V will be (W)-diz. In this manner, proceeding by infinitesimal steps, we make the

journey to point b. At each step we compute the gradient of \V (at that point) and dot it

into the displacement dl ...this gives us the change in V. Evidently the total change in V

in going from a to b along the path selected is
[ (v )-di=v (b)-v(a).
P

This is called the fundamental‘theorem for gradients; like the “ordinary” fundamental
theorem, it says that the integral (here a line integral).of a derivative (here the gradient) is
given by the value of the function at the boundaries (a and b).

Geometrical Interpretation

Suppose you wanted to determine the height of the Eiffel Tower. You could climb the
stairs, using a ruler to measure the rise at each step, and adding them all up or you could
place altimeters at the top and the bottom, and subtract the two readings; you should get
the same answer either way (that's the fundamental theorem).

Corollary 1: Ib (W) dl is.independent of path taken from a to b.

Corollary 2: f(%v) di =0, since the beginning and end points are identical, and hence

V(b) - V(a) = 0.

<V
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Example: Let V = xy?, and take point a to be the origin (0, 0, 0) and b the point (2, 1, 0).
Check the fundamental theorem for gradients.

Solution: Although the integral is independent of path, we must pick a specific path in
order to evaluate it. Let's go out along the x axis (step i) and then up (step ii). As always,

di = dx&+dy §+dz2, W =y?%+2xy§ Ay
(i) y=0; di =dx% W -di=y*dx=0,50 [W-di=0 ]

(i) x=2: dl=dyy, W.dl =2xydy =4ydy, so

<Y

Iﬁv-diz.[:4ydy=2y2‘2=2 a

Evidently the total line integral is 2.
This consistent with the fundamental theorem: T(b) - T(a) =2 -0 = 2.

Calculate the same integral along path (iii) (the straight line from-a to b):
(iii) y :%x, dy =%dx,§v -dl = y2dx + 2xydy =%x2dx, S0

2

=2 . Thus the integral.is independent of path.
0

J.“iv -dizj.z—x2 dx=%x3

04

1.4.4 The Fundamental Theorem for Divergences
The fundamental theorem for divergences states that:

I A= fA-da

This theorem has at least three special names: Gauss’s theorem, Green’s theorem, or,
simply, the divergence theorem. Like the other “fundamental theorems,” it says that the
integral of a derivative (in this case the divergence) over a region (in this case a volume)
is equal to the value of the function at the boundary (in this case the surface that bounds
the volume). Notice that the boundary term is itself an integral (specifically, a surface
integral). This is reasonable: the “boundary” of a line is just two end points, but the

boundary of a volume is a (closed) surface.
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Geometrical Interpretation

If A represents the flow of an incompressible fluid, then “the flux of A (the right side of

equation) is the total amount of fluid passing out through the surface, per unit time and
the left side of equation shows an equal amount of liquid will be forced out through the
boundaries of the region.

Example: Check the divergence theorem using the function

N

A T(V) )
!

A= y2>?+(2xy+ 22))7+(2yz)2

and the unit cube situated at the origin. P 1,
: : (iv) | (@) (iii)
Solution: In this case ’ 1 ?
V-A=2(x+y) 1 l
1 el el (VI)
and LZ(X+ y)dr :ZIOIOIO(X+ y)dx dy dz,
.[l(x+y =—+yj( de 1jldz iy

Evidently,  [(V-Alr =2

<

To evaluate the surface integral we must consider separately the six sides of the cube:

(i) jﬂ-dé:j:j:yzdydzzé (ii) j?&-dé:—j:j:yzdydz:—%
(iii)j_A'-dazj:j:(ZHz?)dxdz=% (iv) jﬂdé:—j:j;zzdxdz:—%
(v) [A-da=] [ 2ydxdy=1 (vi)[A-da = [0dxdy =0
So the total flux is:

ﬂ_. dﬁz%—l 4 l+1+0 2
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_ 2
Example: A vector field A = (%}f is given in spherical coordinates. Evaluate both

sides of Divergence Theorem for the volume enclosed between
(r=landr=2,and

(i) =0 to 9=%andr:4.

Solution: Divergence theorem states that .[(6 . z\}ir = fﬂ-da
\Y S

— oA
Since V'A:izi(rzAr)-l- 1 i(sin6?A9)+ 1 -
reor rsin@ o6 rsin @ o¢
5r? = = 2wl (. .9
A =—oj, =0, Aj=0=>V-A=——|r"—=r° |=5r
= A ’ rzar[ 4}
) Z)
(1) da.at P
f.‘
rdé
B N\: rsin 0 dg
r=2 .
"y  daatQ
ﬁrdG
—f :
x/ rsinfdg

N

.T ZfSr3 sin@drdod¢ =757

1 6=0 ¢=0

LH.S :.[(5-3\)% = [ (5r)r*sinodr dodg
\Y V.

r

- . T 2 5 2 T 2
RHS ¢A-da= M ¢l rzsin9d9d¢F)+
5 4 0=0 ¢

0=0  $=0

( [ifj-(— r2sin 0dO dgr)
4

T 2

5 e F5
Z(2) sin 0d0d¢—9£0 ¢'=[OZ(1) sin0do d¢ = 757

SoL.H.S.=R.H.S. = 757

Divergence theorem proved.
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(if) L.H.S. of Divergence Theorem

4 nld 2r

J(ﬁ/i)dr:io 9{0 Ao(sr).rzsin 0drdodg =588.91 : 4 = 1 sin 600 dpF
R.H.S. of Divergence Theorem RS,

JA-da- [Ada+ [Ada d3e = rsin 6dr dgé
5 5, 5, 2 o - 14

= é[l[%rzf)(rz sin 0 dO dgf)+ J.Grzf}-(rsinedr dq)é)

Sz

nld 2w 5
= | jz(4)“sin9d9d¢+o = 588.91

0=0 =0
L.H.S. =R.H.S. = 588.91. Divergence theorem proved.
1.4.5 The Fundamental Theorem for Curls
The fundamental theorem for curls, which goes by the special name of Stokes’ theorem,
states that

[V xA)-da=fAdi
As always, the integral of a derivative (here, the curl) over a region (here, a patch of
surface) is equal to the value of the function at the boundary (here, the perimeter of the
patch). As in the case of the divergence theorem, the boundary term is itself an integral-
specifically, a closed line integral.
Geometrical Interpretation:
The integral of the curl over some surface (or, more precisely, the flux of the curl through
that surface) represents the “total amount of swirl,” and we can determine that swirl just
as well by going around the edge and finding how much the flow is following the

boundary (as shown in figure).
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Corollary 1: .[(5 X Z\)- dadepends only on the boundary line, not on the particular
surface used.
Corollary 2: if>(§ X Z\)- da=0 for any closed surface, since the boundary line, like the

mouth of a balloon, shrinks down to a point, and hence the right side of

equation vanishes.

Example: Suppose A = (2xz +3y? ))7 + (4yz2 )2 . Check i“ (iii)

Stokes’ theorem for the square surface shown in figure.

Solution: Here (iv)y A (ii)
VxA=(4z2 —2x)%+222 and da = dydz & TS

(In saying that da points in the x direction, we are x

chosen to a counterclockwise line integral. We could as well write da= —dydz X, but

then we have to go clockwise.) Since x = 0 for this surface,

I(%x,_&)-dazjjjjﬂz dydz=%

Now, what about the line integral? We must break this up into four segments:

(i) x=0, z=0, A-di=3y2dy, [Acdi=[3y*dy=1

B 20 Vel A.di-az2dz (A dielaz2d;=2

(i) x=0, y=1, A-dl=4z dz,jA dl_j04z dz_3,

(i) x=0, z=1, MA-di = 3yZdy, [A-di=[3y2dy=-1

(iv) x=0, y=0, A-di=0,  [A.di=[0dz=0,

So
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Example: Given A=2r COSPr + rq§ in cylindrical coordinates. For the contour shown in
figure, verify the Stokes” Theorem.
Ya i

1

I
> > X 1 &
da

Solution: Stokes’ Theorem.[(§ x K)- da= §K di
S

r rq? 2

In cylindrical coordinates, 5><,_61:li 0 X
rior- é¢ oz

A TA, A

A, =2rcos¢, A, =T1,A =0

~ 5 ,\]. [0 2 1[0 [, 0 . .
VXAZF[E(r )}r+[§(2rcos¢)}¢+{g(r )%(Zrcosqb)} =(2+2sing)?

ﬂf(z +2sin @)z (r dr dg?) =%+1

r=0 ¢=0

—

LH.S= [(V«A) da =
S

R.H.S.:§‘A’-di= I,_&-dh j/i-di+ .[K-di
r=0.1 $=0,712 r=1,0

—_

A-dl = (2r COS¢F + rq?) (drf+ rdg¢ + dzi)z 2rcosgdr +r’dg

7 0

- . 1 2
§A-d|= I 2rcos¢dr + jr2d¢+ .[Zrcosq)dr =1+%+0:1+%
=0

r $=0 r=1
at ¢p=0 atr=1 atg=n/2
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Example: Given a vector field A= xyXx — 2xy . Verify stokes,” theorem over the path

shown in figure.

Solution: Stokes’ theorem.[(§ x K)- da= fﬂ di
S

X y 7
ViA=L L Ol _paxp
oXx oy oz
xy —-2x 0 > X
3 9y2 _
L.H.S. I(VxA) .[ I xA) (dxdyzZ), since r? = x>+ y> or x=+/9-y’
y=0 x=0

2X——

Il
O Ly

0

i gJ,yz (2+X)dxdy} —jj X2 jwdy} =i—[+2 9-y? J{%de

3

= -9[1 + Zj
2
0

R.H.S. = §_A'-di= jﬂ-dh I’A-di+ I/K-di
0,a a,b b,0

_ N oy
= 9—y? +9sint L+ 2y L
yV9-y 3tV 6}

Ona, y=0; [A-di=[-2xdy=0
On ab; .[Z-di=I(xydx—2xdy)=.(|).x\/9—x2dx—2.?|11/9—y2dy
3 0

(Equation of quarter circle x* +y*> =9; 0<x,y<3)

0 3
—[y 9—y2+9sinll} =—9[1+£J
3 31, 2

On b0, x = 0: jﬂ-di:O

:>§z\-di=—9 1+Z
2

L.HS =RH.S = —9[1+%j

Adi=-t(o-x2)"
J 3
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1.5 The Dirac Delta Function

1.5.1 The Divergence of f/r?

Consider the vector function T

1 AN

. . A
A= . r \
A . «—
At every location, A is directed radially outward. When we / \
calculate the divergence we get precisely zero:

v
- - 10 1 1 0
v A== 22 |2 9%0)=0
[r rzj rzar() l

The plot thickens if you apply the divergence theorem to this function. Suppose we
integrate over a sphere of radius R, centered at the origin; the surface integral is

. . V3 2r
fA-da =.[[%Fj-(R2 sin9d9d¢f)=[jsin edeJUd(pJ =47
0 0
But the volume integral, j(%-z\)dr , IS zero. Does this mean that the divergence theorem
is false?

The source of the problem is the paint r = 0, where A blows up. It is quite true that

V-A=0 everywhere except the origin, but right at the origin the situation is more
complicated.
Notice that the surface integral is independent of R; if the divergence theorem is right

(and it is), we should get j (5 . Z\)dr =47 for any sphere centered at the origin, no matter
how small. Evidently the entire contribution must be coming from the point r = 0!

Thus, V- A has the bizarre property that it vanishes everywhere except at one point, and
yet its integral (over any volume containing that point) is 4z . No ordinary function
behaves like that. (On the other hand, a physical example does come to mind: the density
(mass per unit volume) of a point particle. It's zero except at the exact location of the
particle, and yet its integral is finite namely, the mass of the particle.) What we have
stumbled on is a mathematical object known to physicists as the Dirac delta function.
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1.5.2 The One- Dimensional Dirac Delta Function
The one dimensional Dirac delta function, 5(x), can be !
pictured as an infinitely high, infinitesimally narrow S(X)

"spike," with area 1 (as shown in figure). . Areal
That is to say:

59~

0 if x%0
o, if x=0

<y

and .[5(X)dX =1

If f(x) is some “ordinary” function then the product f(x)3(x) is zero everywhere

except at x =0. It follows that
f(x)5(x) = £(0)5(x)
Of course, we can shift the spike from x=0.to some other point, x=a:
5(x-a) :{oo, if x<a
also  f(x)5(x—a)= f(a)5(x—a)

and _]2 f(x)s(x—a)dx=f(a)

0, if x=a 4

} with ES(X-a)dX=1 5(x—a)

S~ Areal
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Example: Show that

ﬁ5(x),

where k is any (nonzero constant). (In particular 5 (-x) =& (x).)

5(kx) =

Solution: For an arbitrary test function f (x), consider the integral I f(x)5 (kx )x .

Changing variables, we lety =kx, so that x=y/kx, and dx:%dy. If k is positive, the

integration still runs from —oo to+co, but if k is negative, then x = impliesy = —o

and vice versa, so the order of limit is reversed. Restoring the “proper" order costs a

minus sign. Thus

[ +(x)5(iodix = = [ f(y/k)é(y)d?y S J_r% o) =

—00

£(0)

(The lower signs apply when k.is negative, and we account for this neatly by putting

i

absolute value bars around the final k, as indicated.) Under the integral sign, then, & (kx)

serves the same purpose as (L/]k|)5(x)

00 00

[ £ (x)5(lox)dx = j )L q }dx = & (kx) = (1/]k]) 5 (x
Example: Evaluate the integral | =Ix35 X — 2)dx
0

Solution: Answer would be 0, because the spike would then be outside the domain of

integration.

3
Example: Evaluate the integral | :Ix35(x—2)dx
0

Solution: The delta function picks out the value of x* at the point x =2 so the integral

is2®=8.
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fiziks
LISIKe

Example: Show that

Aot mo Is()=(urmll
Solution: [ 1) x5 (5 () b=t ()3 (1), = 5-( () ()
= [ 100X (0(0) == (¢ () () i (x)5 (), =0
= ] 100 i (o0) o= [ x5+ s ()x=—1 @) 12 (1)
=30 (500) =500, S (5(x)=- "2
O U ) B AR L =R o)
- 0 ot )| 220
simiary & (5(x)) 22621 1hus & (5) = (-7 2
Example: Lef 0(x) be the step function:
200=15 et
Show that ‘j'j_i’:s(x).
Solution:
J 100501 (0000, - [ S0000x= ()~ L= 1 (=) [ (=)~ £ (0)]
= [ 100'G0x=1(0)= 1(03(x)bx = =51
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1.5.3 The Three-Dimensional Delta Function
It is an easy matter to generalize the delta function to three dimensions:

5°()=5(x)5(y)(2)

(As always, r=x%+ yy+zZ is the position vector, extending from the origin to the

point (x, y, z)). This three-dimensional delta function is zero everywhere except at (O,

0, 0), where it blows up. Its volume integral is 1

and

[6b-ahe 1)

all space

Since the divergence of /r? is zero everywhere except at the origin, and yet its integral
over any volume containing the origin is. a constant (4 ). These are precisely the

defining conditions for the Dirac delta function; evidently
v (sz — 4;;53(F)
r

Example: Evaluate the integral J :j(r +1)V(

r
2

. jdr where v is a sphere of radius R

centered at the origin.

Solution:' J ='[(r +1)§‘(r%jdr =j(r +1)47r53(r)dr =47r(0+1)=47r
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1.6 The Theory of Vector Fields

If the curl of a vector field (E) vanishes (everywhere), then F can be written as the

—

gradient of a scalar potential (V): VxF=0& F =-W
(The minus sign is purely conventional.)

Theorem 1: Curl-less (or "irrotational”) fields. The following conditions are equivalent
(that is, F satisfies one if and only if it satisfies all the others):

€)] VxF =0 everywhere.

b
(b) IF -dl is independent of path, for any given end points.

(c) jSE .dl =0 for any closed loop.

(d) F is the gradient of some scalar, F = =W .
The scalar potential is not unique-any ‘constant can be added to V with impunity, since
this will not affect its gradient.

If the divergence of a vector field (E) vanishes (everywhere), then F can be expressed
as the curl of a vector potential (,_&):

V.F-0&F <VxA
That’s the main conclusion of the following theorem:

Theorem_2: Divergence-less (or “solenoidal”) fields. The following conditions are

equivalent:
@) V-F=0 everywhere.

(b) J'E .da is independent of surface, for any given boundary line.
(c) fE .da=0 for any closed surface.

(d) F is the curl of some vector, F =V x A.

The vector potential is not unique-the gradient of any scalar function can be added to A
without affecting the curl, since the curl of a gradient is zero.
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QL.

Q2.

Q3.

Q4.

Q5.

MCQ (Multiple Choice Questions)

Let & and b be two distinct three dimensional vectors. Then the component of b that is
perpendicular to & is given by

(@) JB—) (b) Mgz_ﬁ) (c)ﬁ—?b (d) LE

a’
The components of the unit vector i perpendicular to the plane shown in the figure given

below is:

. 6X+3y+27
(a)n:+ A

3 A
3x+6y+22
(b) i=——F—
7

. 6X+2y+37 24F
c) i=——
© 7 1 y
(d) ﬁ:2x+3y+6z X

The equation of the plane that is tangent to the surface xyz =8 at the point (1, 2,4) IS
(@) x+2y+4z=12 (b) 4x+2y+2z=12
(c) x+4y+2=0 d x+y+z2=7

A vector perpendicular to any vector that lies on the plane defined by x + y+z =5, is

A

@i+] (b) j+k @©) i+]j+k (d) 2f +3] +5k
. : a b c .
The unit normal vector of the point {——— on the surface of the ellipsoid
3’4343
2 2 2
X—+y—+——l s
a’ b* ¢?
@ bei +caj +abk (b) ai +bj +ck
Jb%c? +c%a’ +a’h’ va? +b? +c?
bi +¢j +ak P+ ]+k
© ] +j+

—_— d
Nrgyoes 9
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Q6.

Q7.

Q8.

Q9.

Q10.

Q11.

The equation of a surface of revolution is z =J_r,/gx2 +gy2 . The unit normal to the
. 2 .
surface at the point A(\/; ,0,1} is

2 -~ 3=
€)] gI+T0k (b) \/gl——k
() %h%ﬁ (d) |+—k
Let  denote the position vector of any point in three-dimensional space, and r = | r|
Then
(@) V-F=0 and VxF=F/r (b)V-F=0 and V?r=0
(c) V-F=3 and V’F=F/r? (d) V-F=3 and VxF=0

For vector function A =10f + 5sin@9 (in spherical polar coordinate) the value of VA is:

(a) (1+sin6)(10/r) (b) (1+cos6)(10/r)

(c) (2+sin6)(10/r) (d) (2+co0s0)(10/r)
- LN Y : S= .
For vector function F =| = |r +10¢ (in Cylindrical coordinate) then V.F is
r

150 150 ~150 150
(b) —= ) — (@) —=

For vector function A= (e’r / r)é (in spherical polar coordinate) then V x A is

-r -r -r
~

. (d) -
:

(b) =

A vector A = kq? is given (where k is a constant), in cylindrical coordinates. Then the

value of V x (5 x K) is

SN

@ %2 (b)
r

= | =

© X3 @ <4
r r
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Q12.

Q13.

Q14.

Q15.

Q16.

Q17.

Ifa force F is derivable from a potential functionV (r) , Where r is the distance from the
origin of the coordinate system, it follows that

(@) VxF =0 (b) V-F =0 () VV =0 (d) V2V =0

If F is a constant vector and F is the position vector then ?(IE . F)would be

(@ (V-F)E (b) F © (V-E)r d) [FF

If A and B are constant vectors, then §(A-(§x F)) is

(a) A-B (b) AxB OXi (d) zero

If A=iyz+ jxz+kxy, then the integral fﬂ- di (where C is along the perimeter of a
C

rectangular area bounded by x=0,x=aandy =0, y=Db) is

@) %(a3 +b°) (b) z(ab® +a%) () #(a®+b2) (d) 0

If the surface_integral of the field A(x, y,z):2kxiA+IyJ°—3sz2 over the closed

surface-of an arbitrary unit sphere is to be zero, then the relationship between k, l and m

is
(@ 6k+l—-6m=0 (b) 2k +1-3m=0
(c) 3k+6l-2m=0 (d) 2/k+1/1-3/m=0

For the vector field A= xz*i — yz*J+z(x* - y2)|2, the volume integral of the divergence

of A out of the region defined by—a<x<a,-b<y<b and 0<z<c

is:

4 2 2 2 2 2
(@) gabc[a ~b ] (b) gabc[a ~b ]
(c) %abc[az—bz] (d) abc[az—bz]
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Q18.

Q109.

Q20.

Q21.

Consider a constant vector field v =v0I2. IfV =V xU then one of the many possible
vectors 4 is

(@) voxi (b) vox]j ©) Vi (d) vyl

Consider a vector field V = v,k andu=v,x] where? =V xii. Then the flux associated
with the field v through the curved hemispherical surface defined by
X*+y*+2°=r% 7>0is

(@ 0 (b) mv,r’ () 27v,r? (d) 3mv,r?

Consider a vector force F(x,y)= k[(x2 . yz)iA+ 2xy j] HerelFm™. The work done by
this force in moving a particle from the origin 0(0,0,0) to the point D(1,1,0) on the

z =0 plane along the pathOABD as shown in the figure is: (where the coordinates are

measured in meters)

1
@ = y

3 B D(1,1,0)
(b) E

3

4 P
(C) § O /,’ A

X

@ 0 (0.5,0,0)

Consider force field F(x,y)= (x2 —yz)f+ 2xy j . Then the work done when an object

moves from O - P —» Q — R — O along the rectangular path as shown in figure is:

(a) —2ab? y
2
(b) +2ab o R 0 (a, b)
(c) —ab? I\ v
(d) +ab? 0(0,0) < - X
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Q22. Which of the following is correct expression for5(kx), where k is any (nonzero constant)

Q. 23.

Q24.

Q25.

Q26.

(In particular § (—x) =& (x)).

(a) 5(kx):ﬁ5(x) (b) & (kx)=|k|5(X)
© 5(kx)=—ﬁ5(x) () & (k) =~ |k|5(x)

1
Evaluate the integral J.x?’5(x —2)dx

@o (b) 4 (c) 8 (d) 12

Evaluate the integral J = j § (rLszr where v is a sphere of radius R centered at
the origin.

@) 2« (b) 4 (c) 67 (d) 87

3
Evaluate the integral j x35(x = 2)dx
0

(@0 (b) 4 (c) 8 (d) 12

NAT (Numerical Answer Type)

oo}

The line integralfﬁ-df, whereF=-—X 3. Y ¢ along the semi-circular path as
” \/Xz + y2 \/Xz +y2
shown in the figure below is................ y
> X
A(-1,0) B(L0)
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Q27.

Q28.
Q29.

Q30.

Q3L.

Consider a cylinder of height h and radius a, closed at both ends, centered at the origin.

A

Let r=ix+ jy + kz be the position vector and A a unit vector normal to the surface. The

surface integral .[F.ﬁds over the closed surface of the cylinder isaza®h. Then the value
S

ZA

For vector function A = 2r cos? ¢f +3r2sin z¢ + 4zsin’ ¢7 the value of V.A is........
A unit vector fi on the xy -plane-is at an angle of 120° with respecttoi . The angle

between the vectors G = ai +b A and V = ai + bi will be 60°if b=ca. Then the value of

If S is the closed surface enclosing a volume V and f is the unit normal vector to the

surface and r(is the position vector, then the value.of the following integral j j r.AdS
S

isaV . Thenthe value of « is ............
MSQ (Multiple Select Questions)

A vector function A = y2%+2x(y +1)j is given and two specified paths from ato b are

shown in the figure given below. Coordinates of point a is (1,1,0)and that of point b is

(2,2,0). Then which of the following statements are

Ya
(a) Ibﬂ-dlel along path 1. 2 ” b
: ! @) L)
b .
b A-dl =10 along path 2. - L
o |, along p ATy
(c)cﬁﬂ-dT=—l for the loop that goes from a to b e
1 2

along (1) and returns to a along (2).

(d)cﬁﬂ- dl =1 for the loop that goes from a to b along (1) and returns to a along (2).
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Solutions
MCQ (Multiple Choice Questions)

Ans. 1: (a)

Solution: @ xb = absin @i where fi is perpendicular to plane containing &

and b and pointing upwards. .

. R b ' lb|sin Ok
ax(axb )= absin 6 (a x i) = —a’bsin OK 0
- _axlaxB < axlbxa a .
bsin@k=%§ﬂ):>bsin9k=ﬂb2x—a).
a
Ans. 2: (a)
Solution: The vectors A and B can be defined as
A=-%+2y; B=-%+3% Z,
g ¢ 2 3 i
AxB=|-1 2 0/=%(6-0)+J(-3+0)+Z(0+2)=6%+3y+22 =
-1 0 3 B )
— E— ~ ~ ~ 1 — y
Ao éxE :6X+37y+22 A
‘AxB )
Ans. 3: (b)

Solution: To get a normal at the surface let’s take the gradient

!8|+4J+2k?:0

We want a plane perpendicular to this so: (F — r_O')
V64 +16+4

V(xyz) =yzi +2x) + kxy =81 + 4] 42k

[(x—l)f+(y—2)]+(z—4)I2J-[8f+4]+2I2J:0 = 4x+2y+2=12.

Ans. 4: (c)

Solution: Let ¢=X+y+2-5 = V¢ = iAEJrjiHZi (x+y+z-5)=i+]+k
ox "oy oz
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Ans. 5: (a)

. z° v
Solution: Here ¢ = Y,

X
— > —1. Unit normal vector is
a b

"

— N N 2 2 2 ~ ~ A
SO, V¢: |3+Ji+kﬁ . X_+y_+z__l :2X|+2yj+22k
ox "oy oz)\a’ a? b2 |

s
‘ \/ _i\/bzc2 +a’c? +a’c?
3b2 T3 J3

a’h?c?

: x 2
= I+ + k . A -
Vo _ a3 by3 e __hei +caj + abk
‘v¢‘ 2 \b%c?+c?a’ +a?h? bt +c?a’ +alh?
TTT] V3 abc
Ans. 6: (b)

Solution: z =+ Ex%%y2 :zzzgx2+gy2:>3x2+3y2—222=0

LetV, =3x? +3y? — 222, Taking gradient= W =6xX + 6yy —477 .

The unit normal to the surface at the point A(\EOlj isn= ﬂ.Thus

Wl
6\/5)?+6><0)7—4><12 6\/5)?—42
Ao_V3 __\V3 :\Pz__
‘/36x§+16 V40 >

N>
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Ans. 7: (d)
Solution: r = X%+ y§ + 22
VF=%+@+8——1+1+1 3
OX oy oz
X y Z
Vxr=|0/ox oloy oloz| =% 2y +9(§—@j+2 ¥_X_g
oy oz 0z oX ox oy
X y z
Ans. 8: (d)
- — oA
Solution: V - A:izﬁ( 2A.) i(siné?A‘g)Jr 1 %
reor rsin@ oo rsin@ o¢
A =10, A, =5sin6, A =0
I a(0
=V A= —(r’x10)+ L i(sims»><5sim9)+ 4 o)
rsin@ o6 rsind o¢
= 5-,_61:%20” 1 10sin@coso =(2+cos0)10/r)
r rsiné
Ans. 9: (a)
.y oF . = 0(10) 0(0) -
Solution: V: leﬁ(rFr) 1% h Y F:Ei(r15zoj+E ( )+ 0 _ 1350
ror rog oz ror\ r r o¢ 0z r
Ans. 10: (b)
Foro rsin&ﬁ
Solution: Vx A= Lo 92 e
r’sin@or. 00 op
A TA, TrsindA,
Foro rsin0q§
= — 1 |0 o 0 _
= VxA= - = = A =0, e /r =0
"R singlor 20 o A =0 A =(elr) A
0 e 0
= = 1 .~ oe" e’ »
VxA= rsiné =—
= o sing ¢ or J r $
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Ans. 11: (d)
Solution:
Forg 2 Forg 2
T S T e P e ST
rior op oz| r rior o¢ oz rer r
0O rk O 0 0 Kki/r
Ans. 12: (a)

Solution: Since F is derivative from potential V(r) and F = -VV (r)
:>§><E=—§><(§V)=O.

Ans. 13: (b)

Solution: Let F = F, (X+§+2) and r =x&+yJ+22 = F.r=F (x+y+2).
Thus?(lff):F0(>A<+§/+2):IE

Ans. 14: (d)

Solution: Let A= AX+A §+AZ, B=BX+B §+B,Zand r=xk+ yjy+22.
Bx7 =(B,z-'yB,)X+(B,x~2B,) y+(B,y—xB, )2
=|A(Bx)|=A (Bjz—yB,)+ A (Bx-2B)+ A (B,y—8,)

= V| A:(BxF) |=(AB,~AB, )% +(AB,~ AB,)J+(AB,~AB,)? = Ax
Ans. 15: (d)

<l
X
x>l
Il
o

Solution: §A-di = (V< Ada=0
C S

Ans. 16: (b)

Solution: It is given that gﬁﬂ.déz 0= J.(?.ﬂ)dr =0 (From Divergence Theorem)
S \%

j(%.ﬂ)dfzo:zkn—e,m:o
\
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Ans. 17: (a)

Solution: Since A=xzi —yz*j+z(x* -y )IZ =>VA=2 -2 +( -y )= X" -y’

Thus
x=+a y=+b z=c y=+b z=c +a y=+b z=c 2
I(VA)dr—j I j (x* - y*) dxdydz = j j{——y x} dydz—j j[ —2ay2}dydz
\% x=—a y=-b z=0 y=-b z=0 a y=-b z=0
S T2 y’® b i g 4 13 4 2 Re2
:\J;(V.A)drzzjiga y—Za?lb dz=zji§a b—gab }dz=§abc[a ~b?]
Ans. 18: (b)
Solution: vzﬁxu:(%—%}o,(a“X—a“Zj o[au a“*}=vo
oy oz oz  oX ox oy

Let u, =0,u, =0=U=V,x]
Ans. 19: (b)
Solution: Thus [v.da=[(Vxt)da= ¢ adl
S S

We have to take line integral around circle x> + y2 =r in z =0 plane. Let use cylindrical

coordinate and use X =r cos¢, y =rsing = dy =rcos¢d¢ .

:><j>U.dT =g5v0xdy=j02”voxrcos¢x rcos¢dg

line line

= $udl= vrj cos? gdg =Vt I

line

[1+ oS 2¢

5 }d(b—nvorz

= [vda=[(Vxt)da= ¢ adl=rzv,r’
S S

line

Ans. 20: (c)
i ik
Solution: VxF=| 2 9 9|_
OX oy oz
X*+y> 2xy O

Thus the force F(x, y)=k[(x2+y2)iA+ 2xy ]] is conservative. So work done is

independent of paths.
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Along lineOD, y=x=dy=dx

Since dl =dxi +dyj = F.dl = [(x2 + yz)dx+ 2xy dy] = [(x2 + xz)dx+ 2x2dx} = 4x%dx

oD x=0
Ans. 21: (a)
] ik
Solution: Since VxF=| <~ 2 2 =7(0-0)- j(0-0)+K(2y+2y)=4yk
OX oy oz
xX*-y*> 2xy O

Using the Stokes’ theorem

¢ Fdi=[(VxF)da= ﬁ(4y|2).(—dxdy12) = —4ﬁ ydxdy = —4ai ydy =—2ab?
00 00 0

OPQRO 3

Ans. 22: (a)

Solution: For an arbitrary test function f (x), consider the integral j f(x)5 (kx )x .

—00

Changing variables, we lety =kx, so that x =y/k x, and dx=%dy. If k is positive, the

integration still runs from - o to+o, but If k is negative, then x = oo impliesy = —0,
and vice versa, so the order of limit is reversed. Restoring the "proper" order costs a
minus sign. Thus

]; f ()0 (kxJelx = i]; f (y/k)é(y)d?y = i% £(0)= K £(0)

(The lower signs apply when k is negative, and we account for this neatly by putting

absolute value bars around the final k, as indicated.) Under the integral sign, then, 5(kx)

serves the same purpose as (L/|k|)5(x):

T f (x)5(kx)dx = T f(x)[ﬁé(x)}dx = 5 (kx) = (1/]k[) 5 ()

—00
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Ans. 23: (a)
Solution: Answer would be 0, because the spike would then be outside the domain of integration.
Ans. 24: (d)

Solution: ~ J = [(r’ +2)V(rizjdf = [(r* +2)4x5° (r)de = 47 (0+2) =8x

Ans. 25: (¢)

Solution: The delta function picks out the value of x* at the point x = 2 so the integral is2° =8.

NAT (Numerical Answer Type)
Ans. 26: 0

Solution: x2+y2 =1= xdx=—ydy and dI = dxX+dyy

xdx N ydy
\/x2+y2 \/x2+y2

= F.dl =

B
=0 (v xdx==ydy) = [F-di.=0
A

Ans. 27: 3
Solution: iﬁﬁds . .[(g})dr = BIdr =3ma’h
S V

\

Ans. 28: 4

- — oA
Solution: In cylindrical coordinatesV - A = li(rAr)Jrl—‘ﬁJr A,
ror r op oz

oA =2rcos”$, A, =3r’sinz ,A =4zsin’¢

2 o i
§-K=12(rx2rcosz¢)+la(3r smz)+8(4zsm ¢)
ror r o¢ 0z

:>§-K=l4rcosz¢+0+4sin2¢:4(cosz¢+sin2¢):4
r
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Ans. 29: 0.5
Solution: u=aji +bA, v=aA+bi

= u-v = (af +bf)- (af + bi ) = ‘u”v‘cos60 =a’l -fi+ab+ba+b*Al

2
(\/a2 +b? +2abcos120 ) -c0s60 = a” c0s120 + 2ab + b* c0s120

[az +b? —2ab><£j-cos60 = —i(a2 +b? )+ 2ab =1(a2 +b2)—a—b =—£(a2 +b?)+ 2ab
2 2 2 2 2
P
2
Ans. 30 : 3

Solution : Since gﬁﬂ.dézj.(ﬁﬂ)dr =X I(ﬁ?)dr =3V
S \ V

MSQ (Multiple Select Questions)
Ans. 31: (a), (b) and (d)

Solution: Since di =(dx&+ dyy +dzz . Path (1) consists of .two parts. Along the “horizontal”

segment dy=dz=0,so
. R . = -~ - 2
(i) di=dx%, y=1 A-dl=y%dx=dx, so IA-dIzLdle
On the “vertical” stretch dx=dz =0, so
(i) di =dyy, x=2, A-di=2x(y+1)dy =4(y+1)dy, so Iz\-di:4f(y+l)dy:10.
By path (1), then,  [*A:di=1+10=11
Meanwhile, on path (2) x =y, dx =dy, and dz =0, so
di = dxR+ dxj, A-di = x2dx+ 2x(x+L)dx = (3x* + 2x dx
b— > 2 2
SO LA-dI:J;(3x2+2x)dx:(x3+x211:10

For the loop that goes out (1) and back (2), then, fﬂ- di =11-10=1
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